Probabilities and Statistics: 2017 (Solutions)

Victor Braun

Exercise 1

(a) 2 = {1,2,3,4,5,6}5, the probability to obtain one combination w € € is equal to ﬁ = 6%.
The probability of having the same numbers is 6 x* 6% = 6% while the probability of having all different
6! _ 5!

numbers is gz = . Thus the latter is most likely to happen.

(b) p(Y <y) =p(X? < y) =p(X < /), here y > 0.
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(€) (X <¥) = X5 p(X <V | Y = g)p(Y =) = S5, (p(V = 9) SUZ p(X = 2)) =

pzzozl(l —p)* 1 - (1-p)* 1) = ;%g. Here we just distribute and use geometric series.

(d) var(X) = b*var(Zy) + c2var(Zs), var(Y) = e2var(Z1) + f2var(Zs)

cov(X,Y) = be -var(Zy) + cf -var(Z3) = corr(X,Y) = m

@ EX1+Xo41)=1-241=0, cov(X;,X2)=1-2-3=6,var(X;1+Xo+1)=4+9+2-6=25
Thus X; + Xs + 1 ~ A(0,25)

O pV=ov|lU=1)= % = 2v. By calculating the marginal density.

(g) As the distribution is continuous, by definition p(X < z,)=p= (X >z,)=1—p

(h) The median doesn’t care about outliers, that’s why it is robust. Nevertheless, to have a good ap-
proximation, the median needs way more data than the mean.



(i) By the delta method, = ~N( , 2;1)

8) ( o(1—1) = 1) p(lo = 1)p(ly = 0) = p(1 —p) = p, Thus Y; = Ip;_1(1 — I3;) ~ Ber(p)
E(T) =n""! ZJ LE(Y;) = W = p(1 — p). Thus our bias is null.

The MSE of an unbiased estimator is just its variance, so we have:

MSE(T) = var(T) =0 3 _var(Y;) =% 0™ (51~ ) = n”' (0~ 20" + 25"~ p")

Exercise 2

Let F be the event ”the transaction is fraudulent”

(a)pX >1)=p(X >1| F)p(F )+p(X>1|F)( )—O()lf1 dx-OOl[(l—!—Qx)_l];:0.00l
— ) — p(X=z | F)p(F) _ pf(x) _
(b) p(F | X =) = p(X=z | F)p(F) + p(X=z | F)p(F) ~ pfl@) + 1-p —
0 z <0
_ ) — pf(z)
1 z>1

(c) Let L be the loss.

X=[F) =<1
p(L:l):{g( ) z>1

E(L) = fol zp(L = x)dr = pfol xf(z)dr ~ 0.001

Exercise 3

Questions (a) and (b) are not corrected as QQ-plots weren’t in the 2022 program.

(c) We know that for a big n, % ~ tn_1, and thus a (1 — «) - 100% confidence interval is given by:
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[25.55, 29.33]



Exercise 4

(a) As the number of goals during a game is random but not uniform, a good approximation would be a bell
curve. The three distributions respect that, however hypergeometric and binomial distributions are used to
count successes, here we have no notion of success. That’s why the best distribution here would be a Poisson
distribution.

(b) The likelihood for a sample of size n is equal to
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As our function is concave, the maximum is given by the null derivative of the likelihood
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The mean of our sample of size n = 47 is equal to T = 2.45.
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Also, J\) = —=" = =Y g = A~ NI
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Our confidence interval of 95% (a = 0.05)is then given by:
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(¢) To give evidence against Hp, we use the P-value, where p,,s = the probability to observe our data
under the null hypothesis. As here pyps = 3% which is a small level and thus a strong evidence against Hy.

(d) As the H; is more likely to be true, the number of goals during a game depends on the round, so
it makes no sense to find a common mean to all the games.



